Abstract. Consider the space of vertical parabolas in the plane interpreted generally to include nonvertical lines. It is proved that an injective map from a closed region bounded by one such parabola into the plane that maps vertical parabolas to other vertical parabolas must be the composition of a Laguerre transformation with a non-isotropic dilation. Here, a Laguerre transformation refers to a linear fractional or antilinear fractional transformation of the underlying dual plane.
Introduction
It is a familiar result in complex analysis that in the extended complex plane, C = C ∪ {∞}, the Möbius transformations map circles and lines to other circles and lines. In a beautiful paper from 1937, Carathéodory proved the following converse result. (This paper was reprinted in [1] .) Theorem 1 (Carathéodory, [2] ). Every arbitrary one to one correspondence between the points of a circular disc C and a bounded point set C by which circles lying completely in C are transformed into circles lying in C must always be either a direct or inverse transformation of Möbius.
So not only are the circle preserving maps of C the Möbius transformations, but even locally, these are the only transformations that can map circles to circles.
In this paper we consider the analogous problem for the extended dual plane, (x, y) → (λx, λ 2 y), 0 = λ ∈ R, with a direct or indirect Laguerre transformation.
This theorem arose from work that two of the authors did to solve a BeckmanQuarles type theorem for the dual plane. In particular, they proved the following.
Theorem 3 (Ferdinands & Kavlie, [3] ). Suppose T is a bijective mapping on the space of vertical parabolas so that for vertical parabolas A, B,
Then T is induced by a Laguerre transformation of the dual plane.
Here, δ is the distance between (intersecting) parabolas and is measured as the difference in slopes at their point of intersection. An important step in the proof of this theorem uses a simpler version of Theorem 2 that has a very different proof.
We mention that planar Laguerre geometry often refers to a geometry of oriented circles where distance is measured as the length of the common tangent. The connection to dual numbers is made clear in Yaglom [5] . We mention, too, that the transformations we call Laguerre transformations can also be interpreted as parabolic Möbius transformations. See, for instance, the recent survey by Kisil [4] .
Geometry in the extended dual plane
Here we summarize the properties and geometry of the dual numbers. A comprehensive account is given by Yaglom [5] .
A dual number z ∈ D is a formal expression z = x + jy where x, y ∈ R and j 2 = 0. These numbers form a commutative algebra over R where addition and multiplication are done in the obvious way. One identifies dual numbers with points in the real plane via x + jy ∈ D ↔ (x, y) ∈ R 2 , just like in the case of complex numbers. The coordinates of z = x+jy are the real part and dual part, respectively. So x = Real (x + jy) and y = Dual (x + jy). 
To see this, suppose that the original transformation is T 0 , and T 0 (0) = w 0 and
and T 1 ((0j) −1 ) = (0j) −1 . We must determine a further Laguerre transformation
, ii), iii), and iv).
Since T 1 ((0j) −1 ) = (0j) −1 , it already follows that T 1 maps nonvertical lines to nonvertical lines.
If p 0 = {y = 0} and p 1 = {y = x 2 }, then in fact, T 1 maps p 0 to a nonvertical line p 0 through the origin and p 1 to a parabola p 1 tangent to p 0 at the origin.
See Figure 3 for the two possible cases. The set of Laguerre transformations that For case (i), we use a direct transformation µ 2 (z) = az where arg(a) is chosen so that µ 2 (p 0 ) = {y = 0} and then |a| is chosen so that µ 2 (p 1 ) = {y = x 2 }. For case
(ii), we use an indirect transformation µ 2 (z) = az where the initial conjugation results in a configuration like case (i), then a is chosen as just described. In both
, and iv), and we have exhausted our supply of Laguerre transformations. Given that T maps horizontal lines to horizontal lines ( §3.3) and now T (1, 1) =
(1, 1), it follows that T preserves {y = 1}. But T also preserves {y = x 2 }, so it follows that T preserves both intersection points. In particular, T (−1, 1) = (−1, 1).
Following the two normalizations (which identify the Laguerre transformation
and non-isotropic dilation) we mention that the proof of Theorem 2 will be complete once we show that T is the identity transformation. We first prove that T reproduces the configuration in Figure 4 .
To do this, notice that y = x 2 and y = x 2 − 1/4 are tangent parabolas-they intersect only at the point −(1j) −1 ∈ L ∞ . Since T preserves {y = x 2 }, and since intersection points cannot be created or destroyed ( §3.1), it follows that T transforms the parabola y = x 2 − 1/4 to a parabola y = rx 2 + sx + t for r, s, t ∈ R At this point it is established that the parabola y = x 2 − 1/4 contains the intersection points ((x k +x k+1 )/2, x k x k+1 ). After some algebra, this can be restated
So the x k are evenly spaced with x k = k for k = −1, 0, 1. By injectivity, it follows that x k = k for k ∈ Z.
3.6. Preservation of a dense subset of y = x 2 . It follows from §3.5 that the normalized transformation T preserves the points (k, k 2 ) for k = 0, ±1, ±2, ±3, . . .. dyadic rational, i.e., the coordinates have the form k · 2 −q for k, q ∈ Z.
To do this, we construct another polygon like the one in §3.4. In particular, for fixed q ≥ 1, we draw lines tangent to y = x 2 at the points (k 2 −q , k 2 2 −2q ) for k = 0, ±1, ±2, ±3, . . .. It is a simple matter to check that the points of intersection of the consecutive tangent lines are ((2k + 1)2 −q−1 , k(k + 1)2 −2q ), and the parabola y = x 2 − 2 −2q−2 contains these intersection points. As in §3.5, T must transform this configuration to one consisting of the parabola y = x 2 , lines tangent to y = x 2 at points (x k , x 2 k ) for a sequence of real numbers . . ., x −2 , x −1 , x 0 = 0, x 1 , x 2 , . . ., and a parabola y = rx 2 + sx + t that has a single intersection with y = x 2 .
The parabola y = rx 2 + sx + t must also contain the intersection points of the consecutive lines tangent to y = x 2 at the (x k , x 2 k ). Since T was normalized so that T (1, 1) = (1, 1) and T (−1, 1) = (−1, 1), we know that x −2 q = −1 and x 2 q = 1. The claim will be proved if we show that r = 1, s = 0, t = −2 −2q−2 , and
As things are arranged,
Since T maps horizontal lines to horizontal lines, it follows that x We conclude that T transforms y = x 2 − 2 −2q−2 to a parabola y = x 2 + t for some 0 = t ∈ R. In fact, since T preserves {y = 0}, it must be that t < 0. (This also uses §3.1.)
As in §3.5, the intersection points of the lines tangent to y = x 2 at (x k , x 2 k ) have the form ((x k + x k+1 )/2, x k x k+1 ) and they lie on y = x 2 + t. It follows that
In particular, the x k are evenly spaced. Since x 0 = 0 and x 2 q = 1, it follows that the distance from x k to x k+1 is 2 −q , and therefore,
(This also uses injectivity.) The same kind of argument applies for k ≤ −1. Finally, one finds
3.7. Preservation of a dense subset of y < x 2 . Guided by Carathéodory's argument [2, p.576], we now show that T preserves a set of points that is dense in y < x 2 . To do this, we take all lines that are tangent to the parabola y = x 2 at points whose coordinates are dyadic rational. By the previous subsection, T preserves these points of tangency ( §3.6) along with the parabola y = x 2 ( §3.2), so it also preserves the lines tangent to y = x 2 at these points ( §3.1, §3.3). It then follows that T preserves each point of intersection of these tangent lines. These intersection points form a dense subset of y < x 2 .
The set includes, in particular, the points (−.5, −2), (0, −1), and (+.5, −2).
(They arise as the intersection points of the lines tangent at x = −2, −1, +1, +2.)
Since T preserves these points, and since T maps vertical parabolas and nonvertical lines to vertical parabolas and nonvertical lines, it follows that T preserves the unique vertical parabola containing these points. In particular, T preserves the parabola y = −4x 2 − 1.
3.8. Completion of the proof of Theorem 2. We next show that T preserves each point of the parabola y = x 2 .
Consider the alternative. Since T preserves {y = x 2 }, the alternative is that there is a (non-dyadic) real number b and τ / ∈ {0, 1} so that
. By once more replaying the arguments from §3.5-3.6, it would follow that
2 ) for dyadic rational d. Moreover, T would map the line tangent to
Following the argument of §3.7, this determines how T would act on the set of points that arise as the intersection points of lines tangent to y = x 2 at x = d · b
for d dyadic rational. On this dense set of points, T (x, y) = (τ x, τ 2 y).
Consider now that d is a fixed (but arbitrary) dyadic rational number. The lines tangent to y = x 2 at x = d·b and x = −2d·b intersect at (−d·b/2, −2d 2 ·b 2 ), and the
These points determine the horizontal line y = −2d 2 · b 2 . As T maps horizontal lines to horizontal lines ( §3.3), and since the intersection points belong to the set on which T (x, y) = (τ x, τ 2 y), it follows that T would map the horizontal line
Here lies the contradiction. If τ 2 < 1, choose a dyadic d so that (2b We conclude that T preserves each point of y = x 2 , and it follows from the argument in §3.7 that T preserves all points below y = x 2 , since each such point can be expressed as the intersection of lines tangent to y = x 2 . That is, T acts identically on y ≤ x 2 , and following the remark in §3.5, this completes the proof of Theorem 2.
